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Total Marks — 120
Attempt Questions 1 -8
All Questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 ( 15 Marks ) Use a SEPARATE writing booklet.

(a) Find the indefinite integral for :-
J' ! - dx. 2
l1+e*
(b)
(1) Find real numbers a and b such that for all values of ¢, 1
1 a b

= +
Q-0)(1+2) 2-t 142t

(i)  Use the substitution ¢ = tan (gj and the identity in part (i) to evaluate 4

2 0
3sin@ +4cosl

0

(c)
(1) Show that the indefinite integral for :- 2

x3 1 2 1 2
dc = —x"—=log. (x"+1D+c.
J 2+l 5 ¥ ploer+l)

( Hint: degree of numerator is greater than degree of denominator )

(i) By first integrating using parts and then using the result from part 1) above
evaluate the definite integral:- 2

1
J x> tan”' x dx
0

Question 1 continues on page 3
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Question 1 (continued)

(d) Find the indefinite integral for :-

Jx——i_?’dx 4

NxP =2x+5

End of Question 1
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Question 2 ( 15 Marks ) Use a SEPARATE writing booklet.

a) Given z =—/3 +i.
(1) Write z in modulus — argument form. 1
(1) Hence find z%in the form x+iywhere xand y are real. 2
(i)  Find the least positive value of » such that z" is real. 2

b) Sketch each of the following regions on a separate Argand diagram.

@O |z-2-i<2. 2

(ii) 0Sarg[(1+z)z]£5. 2
c) Q

A
P
0

The diagram shows a complex plane with origin O. The points P and Q represent

arbitrary non-zero complex numbers z and w respectively.

If } z— wl =’ z+w|, what can be said about the complex number ay 3

: z
d) Find all numbers z such that z° =4+4i, giving your answer in modulus-argument form. 3
End of Question 2
page 4
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Question 3 ( 15 Marks ) Use a SEPARATE writing booklet.

a) The diagram shows the graph y = f(x).

3
! y

v

Draw separate one- third page sketches of the graphs of the following:

1
»H y= 2
S (x)
(i) P=f(x) 2
1
() y=/(=) 2
X
b) For the curve defined by 3x° + y* —2xy —8x+2 =0, find the coordinates of
the points on the curve where the tangent to the curve is parallel to the line y = 2x. 3
c) If the equation x° +3mx +n =0, where m and 7 are constants, has a double root,
then prove that n” = —4m’. 3
Question 3 continues on page 6
page 5
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Question 3 (continued)

d)
The region bounded by the curve y =(x—1)*, x=1, and y =1 is rotated
about the x-axis.

y=(x-1y
Al},
2
A
. /
-1
Use the method of cylindrical shells to find the volume ( in terms of 7 ) of the solid 3

described above.

End of Question 3
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Question 4 ( 15 Marks ) Use a SEPARATE writing booklet.

a)

2 2

The point P(2cosé, J3sin ) lies on the ellipse xj + _)/3_ =1. The normal at P cuts the

x-axis at N. M and M are points on the directrices perpendicular to P.

(1) Determine the coordinates of the foci S and S’ of the ellipse. 2

(i) Show that the equation of the normal to the ellipse at P is

y—ﬁsin@zm(x—Zcosﬁ)‘ , 2
3cosd
(ii1) Hence show that N has coordinates (é cos 8, 0) 1

(1v) Prove that sP = S:S'_NN and hence, or otherwise, prove that the normal PN

bisects the /S'PS. 4

Question 4 continues on page 8
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Question 4 (continued)

b)
A body of mass m is projected vertically upwards from the ground with speed .
The force due to gravity acting on the body is constant but there is a resisting force
of magnitude mkv* at speed v.
(1) Show that the maximum height H which the body reaches is given by
2
H= iln(w‘l—), where g is the acceleration due to gravity. 3
g
(i) Show that the speed v, with which the body reaches the ground is given by
g
2kH =1n . 3
(g — kv, o2 )
End of Question 4
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Question 5 ( 15 Marks ) Use a SEPARATE writing booklet.

a) In the diagram, AB and AC are tangents from A to the circle with centre O, meeting
the circle at B and C respectively. ADE is a secant of the circle. G is the midpoint of DE.
CG produced meets the circle at F.

(1) Copy the diagram onto your answer sheet and prove that ABOC and A0GC 3
are cyclic quadrilaterals.

(1) Explain why ZOGF = Z0AC. 1
(iii))  Prove that BF || AE . 3
b)  Let f(x)= -1
x+2
1) Find all the asymptotes of f(x). 2
(11) Sketch the curve showing asymptotes and the x and y intercepts. 2

( There is no need to find or label stationary points )

Question 5 continues on page 10
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Question 5 (continued)

c) If a polynomial P(x) is divided by (x—a)(x—5b) so that the remainder R(x) is obtained.

(1) Explain why the remainder is of the form rx+s, where » and s are constants. 1
. . P(a)—P(b P(b)—bP
(i1) Hence show that the remainder R(x) =( (@) 5 ( ))x + (a ) 3 (a)) . 3
a— a—
End of Question 5
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Question 6 ( 15 Marks ) Use a SEPARATE writing booklet.

a)
The base of a solid is the area of a region bounded by the ellipse whose equation is 4
4x* +9y° =144 (note: its cuts the x-axis at 6 and —6 and the y-axis at 4 and —4 ) .
Each cross-section of the solid formed by a plane perpendicular to the x and y plane
is an isosceles right angled triangle with its hypotenuse in the x and y plane.
A
X
v
Find the volume of this solid.
b) () Use de Moivre’s Theorem to show that cos36 =4cos’ @ —3cosf. 1
1
(1) Deduce that has 8x’ —6x—1=0 has solutions x = cos@, where cos36 = 5 2
(iii)  Find the roots of 8x’ —6x—1=01in the form cosé. 2
(iv)  Hence evaluate cos 7 cos 27 cos a2 . 2
9 9 9
Question 6 continues on page 12
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Question 6 (continued)

c) P is the point (2at,at”),0<t <1, on the parabola x* =4ay with focus S.
The normal to the parabola at P makes an angle & with the vertical through P,
While the focal chord PS makes an angle « with the vertical.

y 4 x> =4ay

P(at,at*)

B
L

0 X
(i)  Show that tan8 =¢ 1
(11) Find the gradient PS and hence, or otherwise, prove that o =20 . 2
(iii)  If!is the distance PS, show that /cos’ 8 =a 1
End of Question 6
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Question 7 ( 15 Marks ) Use a SEPARATE writing booklet.

(a) Two particles of mass 4kg and 6kg are attached at either end of a light inextensible
string of length 7 metres, which pass through a small vertical frictionless ring R.
The heavier particle A hangs vertically at a distance of 4 metres below the ring while
the other particle B describes a horizontal circle whose centre is O. Let 0 be the
acute angle which particle B makes with the vertical. Let 7"be the tension force of

the string.
A
B E Idm
o v
(1) Resolve all forces at A and B. 1
(i1) Find the distance OR and the radius OB, of the horizontal circle. 3

(iii)  Find the angular velocity, w, of B about O in revolutions / minute to two decimal

places (use g = 9.8 m”). 3
b) For positive real numbers a , b and c.
) Show that a + 1 >2. 1
a
. 1 1
(i1) Show that (a+b)(—+ Z) >4, 2
a
. 1 1 1
(iii))  Hence, or otherwise, show that (a+b+c)(—+ 5 +=)>09. 2
a c
Higher School Certificate Trial Examination page 13
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Question 7 continues on page 14

Question 7 (continued)

c) From a set of objects of which two are white and the rest are black, four objects are
taken at random without replacement. The probability that both white objects will be
chosen is twice the probability that neither white object will be chosen.

Let n be the number of objects.

(1) Find the probability in terms of # that both white object will be chosen. 1

(11) Find the probability in terms of » that neither white object will be chosen. 1

(i)  Hence find the number of objects. 1
End of Question 7
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Question 8 (15 Marks ) Use a SEPARATE writing booklet.

a) Consider the roots of z" —1=0. These roots are plotted on an Argand diagram.
The points represented by these roots are joined to form a regular n-sided polygon.

. : o .2
(1) Show that the area of this polygon is given by 4, = §s1n—7Z . 2
n
(i1) Show that the perimeter of the polygon is given by P, = 2nsin z 2
n
(i)  Show that P, >24 for all positive integers n. 2
(iv)  Prove that the lim 4, = 7. 2
(v)  Find the lim P, 1
3
b) Let I, = J'Sin" xdx.
0
(i)  Show that /, = (”—‘1)1,1_2, for n>2. 3
n
2 !
(i)  Hence show that j sin” xdx = _271'_(1_2_7_1)__2_ 3
. 2 n+ (n')
End of Question 8
page 15
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STANDARD INTEGRALS 7

fx"dx = L oz -1 x#0,ifn<0
n+1
1
r— =lnx, x>0
) x
[ 1
e dx =—e%, a#0
™,
[ 1
cosaxdx =—sinax, a#0
) a
. 1
Jsmaxdx =——_cosax, az0
[ 1
sec?ax dx =Etanax, a#0

W

~

1
secax tanaxdx = Esecax, az(

a —x

J‘——l—-dx =1n(x+v‘x2—a2), x>a>0
[(2_ 2

1 _ 2. 2
Jﬁdx —1n(x+ X°+a )

NOTE : Inx=log,x, x>0 _
Higher School Certifi page 16
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